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A BAYESIAN APPROACH TO
SOME BEST POPULATION PROBLEMS

Irwin Guttman and George C. Tiao

I. Introduciion and Summary

There have been several papers recently in the literature devoted
to the subject of selecting a "best" population -- see for example Gupta
and Sobel (1962), Guttman (1961) and others, In these works, the problem
was analyzed from the sampling theory point of view. Except for some
simple cases, this approach frequently leads to the problem of eliminating
nuisance parameters. And, unless rather strong assumptions about certain
of the parameters involved are made, the problem usually becomes intractable,

In this paper, we consider certain best population problems adopting
a Bayesian approach. One main advantage of such an approach is that we
are able to arrive at satisfactory decision procedures in the presence of
nuisance parameters. Indeed, the use of Bayes' theorem allows omne to
analyse best population problems from many points of view, The plan of
this paper is as follows:

In section 2, a general description of best population problems
is first outlined. The criterion for "bestness" is regarded as a "utility"
function of the statistician., The decision procedure then adopted is
based upon the principle of maximizing posterior expected utility, In
sections 3 and 4, we discuss the application of this procedure when sampling
from normal populations and exponential populations, respectively. In both
cases, the criterion defining the best population is taken to be the
coverage of the population considered in a certain given interval., The
procedures are shown in section 5 to be consistent, Further, in section 6,

we extend the decision analysis by considering the posterior distribution
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of the criterion, This extension enables us to propose other decision
procedures which may be more appropriate in certain situations than that
resulting from the principle of maximfzing posterior expected utility. Some
examples are illustrated in detail. Finally, in section 7, we discuss

briefly some different types of best population problems.

II, Statement of the Problem

We are given a collection N of k populationms "l' nz..... Ri,.... Hk
in which there exists a so-called "best" population, where the population
is "best" according to a specific definition of the following kind.

Suppose the ;'s are distributed with probability density function
£(x|0;), where 0, is possibly vector-valued. Consider a real valued function
of 0;, h; = g(ei). where g is known. Then the "best" population is defined
to be that population which has largest value among the h; = g(8;),
i=1, «v., k. We assume there is an ordering of the hl’ ceey hk into

h <h ses <h <h .
(1] [21 [k~1] (k]

As we are interested in determining whicih of the k populations has
as its value of h, the value h[k]' and in accordance with the Bayesian
approach, we may therefore regard the function h; = 3(01) as the utility
function of the statistician re the population ni. The statistician's
procedure will be as follows:

From each of the ni select a random sample ¥ of size n;. Determine
the a posteriori distribution p(eilzi) of ©; given the sample and hence
find E(h;ly,), the expectation of h;, i = 1, ..., k. The statistician will
then choose as the "best" population that population which assumes the

maximum value of these expectations. That is, the one with value



3.

m;x Eh; lyg) = m:x / h; p(o,ly,) de, .

In sections 3 and 4, we apply this approach to two particular

a
cases. We define h; = g(6,) =a{ £(x]6;) dx, where a, and a, are known,

and consider the cases:

(a) f is the normal density, and

(b) f is the exponential density.

This problem with hi defined as above, has been considered by Guttman
(1961) from the non-Bayesian point of view. We note that several of the
more interesting cases which lead to considerable mathematical difficulties
when the non-Bayesian approach is used are readily solvable adopting the

above-mentioned procedure (see below),

I11. The Case of the Normal Density

When the populations Hi are normally distributed, we have that

h ) 2, exp {- L= (y-u)? te
18U o) = S P2 T y.
a o i
Let a sample y, = (¥;)s «-«» yini) be taken from ni' We have for the
likelihood function:

-n 1 M 2
gy 04y = ot exp {' 22 381 Oy Y }
1

(3.1)

-

« d;ni exp {} [ni 3i + ni (;1 - “1)2] }

20

= N

vhere ;i and ni are the maximm likelihood estimators of j, and ui,

respectively.
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Assume that we are in a2 situation where little is known a priori
re the values of (“1’ 01)' for all i. In other words, we are saying that
the information we have re (“i’ oi) comes primarily from the sample S 70
We may then adopt the approach used by Jeffreys (1961), sivage (1961),

and Box and Tiao (1962), and assume that By and log o, are independent

i
and locally uniformly distributed & priori. That is,

Py = Kk

(3.2)
p(log 0,) = k, or p(v,) « ;':'
all 1,
Using (3.2), the joint posterior distribution of (pi, ai) is:
(3.3) pluy, o ly) = pl(oilsi) Pytkylog, ¥
where -1
-1

G.40) pyGols) =2 {F (—>} {(
and

n
(3.40) pyu oy, ¥, exp { - 2—.%) G- ui)z} .
%1

We note from (3.3) that the adoption of the prior distributions (3.2)

amounts to saying that the joint posterior distribution of Hy and log 9

is approximated by the likelihood function (3.1).

Consider first the case where a %o, Then, the a pesteriori

expectation of h1 is

E(hy|y,) ‘f fhi Pylogley) Pyt 5y, o) doy duy
~®

oo 8

= k, a/;/;z o= (n1+2) exp{ —l-'kpi z) +nis 1(;1'“1)2]}

dz doi d“i'
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It is clear that we may reverse the order of integration. On integrating

out 9 and By Ve obtain

3.5  Ely) ———rr(_i [ 1'% f G’y -
3. Eth = (n +1)s {}+ }- dz,
G gy & % U @qned

That is, we have the following remarkably simple result
¢.6) E@ |y) = P 10

where F {s the cumulative distribution function of the Student-t variable

n-l 3 a,-5,
with (“1°1) degrees of freedom and t (--1) ( s ).
i

Similarly, if a, is finite, we find that

1

G Baylz) = F, . () -y e,

where F is, as before, the Student~-t cumulative distribution with (ni-l)
degrees of freedom and

t(l) n, 14 a i

(2) 14 a
¢ =(n+1)< 1) - ¢

(3.8 n+1) o 1).

The statistician's procedure is now clear. If one behaves as
a maximizer of his expected utility -- see for example Luce and Raiffa
(1957), and Raiffa and Schlaifer (1961), he computes the expectations
(3.6) or (3.7) depending on whether a = -=ora is finite, respectively,
for each population. He then chooses as tﬁe best population the one with
the sample giving the maximum value of these expectations.

In the case where a = o (this will be called the one-sided case),

we note that 1if n, =, all i, then this selection procedure is equivalent
859y
5

to choosing the population which has as value of , the value
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m;x _Z;_l . This is an intuitively pleasing result for the following
J

reason., We are interested in the best population, that i{s, the population

vhich has largest value of

= g1, 0,) = f -—}3 2 (x-1,) } dx

Trm o {5 }“'

and since this is a monotone increasing function of the upper limit, say

1= _Z;_L , the best population is that with largest value of L
i a,- 1
intuitively evident that an estimate of T should be based on -%——- and
a,-y i
i should be indicative of the best

T It is

hence, that the largest value of s
i
population.

IV. The Case of the Exponential Density

In this section we discuss the situation in which the populations
Hi have exponential distributions. That is, their probability density

functions f(ylei) take the form:

y-h
( ;,-1' exp | . L Y 2Ky
“.1) £y, 0, -IL R SN
0 otherwise.

We take up the one-sided case first, namely, we let a, = a, and a, = -=,

Then, hi becomes

. .
(4.2) b =g, 9,) =ff(YIu1. 9) dy.

-
Let a sample ¥, of size n; be taken from Hi, i=1, ..., k, and the
obgservations in ¥ be ordered, that is we let Y= (yil' eees Yyn ) where
i

here Vi1 < Yi2 < "'<yini' The likelihood function is given by:
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(‘“3) ‘(uib cilli) fad o;ni exp {' é j;:': (yij ui)}

= 0" exp { a_:: Ling-1) w, + “1(711'“1)]}
where w, = (n -1)'1 ;;‘i (Vei=Y.:)
1 1 322 Wiy’

It is to be noted that for all 9y > 0 the likelihood function (4.3)
is a monotonic increasing function of My in the interval (-=, yn) and
vanishes outside this interval. Two interesting cases may nw arise,
namely, (1) i1 < a, and (2) i > a.

For a given population ni’ suppose case (1) occurs. This implies
that Hy<a and hence (4,2) becomes

a-u,
4.4) hinl-exp{- oi}».

As in section 3, we assume that the prior distributions for By and
log o, are locally uniform. The joint posterior distribution of My and o

then takes the form:
(4.5 plugs 0,1y = pyCoylw) ptuilog, v

h
where {(n 1w } (ny-1)
(4.68)  py(ofw) =

(n -l)w
"‘i exp{ —-—-—-—},c >0
i

I‘(n -1)
and

n n
i ¢ -
(4.60)  p,(uylo, vy)= 3, exp{ 5, Y up} . By <Vyqe

Hence, the expected utility is:

yil1 =
E(h |y) = f f hy pyla,lw) p,Cuyloy, ¥yq)d0, duy
0

R O P
n1+1 (n -l)w *

4.7)
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We again note that this result (4.7) is intuitively pleasing.

To begin with, we are interested in the population with largest value of
a-p
hi as given in (4.4), which is a monotone increasing function of .
a-u i
! is the best population.

Hence, the population with largest value of
It seems natural, therefore, that a selection ;rocedure fcr the best
population should be based on .;Zil . In the special case n,
leads us to choose that population which yields the sample with largest
value of G;Zil . The above reasoning is borneagut in expression (4.7),
since it is a monotonic increasing function of wzil'

Suppose now that for a population Hi, case (2) ariscs; then there

z n, this

is no information from the sample to tell us which of the situatioms

(1) a< Ky or (ii) My < a obtains. If, in fact, our prior information

includes the knowledge that a < Bys tlien the utility for that population

is zero and this population should be dropped from further consideration.
On the other hand, suppose that a priori little is known about Hyo

except that it cannot exceed "a', and hence the utility h, is again given

i
by (4.4). As before, one can approximate the posterior distribution of By
and log 9y by the likelihood function, but with the extra restriction

By < a. We then have for the joint posterior distribution of Hy and Oy

(4.8) PG, oly) = pgliloy, @) pglogly,, @)

where

Ny By
(4‘93) PS(Pilci» a) = ;-; exp { - ;-; (a-pi)} ? “i < al
and

[n, 5,-8)] (17D n, (5,-8)

- 11 -n 1M1
(4.9b) P6(°1|y1. a) = _I"-GF)— o, 1 exp {- T—}
- 1 ny

with y, = m, 521 Y4y



Using (4.8) we find that the expected utility is simply
-
(4.10) E(h,|y) 5

We note that the expected utility in (4.10) approaches zero as n,
tends to infinity. This is as it should be for here By <a< Yipe and
therefore, as n, -~ ®, y;, converges (in probability) to My with the result
that the utility (4.4) must approach zero, This has an interesting
implication; when a < Vi1 and for & large sample, we have that the posterior
expectation for our utility is either approximately (if My < a) or
exactly (if a < p.i) zero, Thus, for 8 large sample, irrespective of whether
or not we know that Ky is greater or less than "a", the population Hi should
be dropped from further consideration.

Further, suppose the sample sizes are small and that the inter-
mediate situation occurs, that is, ¥ <8 for some of the Ili and a < Y41
for the remaining ones. In the event that n, =nu, all i, the expression
in (4.10) is always less than that in (4.7). The statistician's procedure
is then clear -- he will immediately drop from further consideration those
populations with a < Y41 and select the best population from the remaining
ones,

We now consider the "two-sided" case for the exponential, that is,
we will be interested in the population having largest value among the
quantities:

]
@1y b oe=suop =] Fem{ Fawpl e
i R § c o i
a i i
1
where a and a, are known constants.
For a given population Hi, we shall only be concerned with the

following two cases:
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(4.12a) By < Yi1 < a8 < a,, and
*
(4.12b) By < a, < yil< e,

Paralleling the above development, we find that the expected

utilities are

By 874y ) (D) 8,-Y4y - (my-1)
@1 2yl - o3 | i o) e

under (4.12a), and

n, 82 - al -(ni-l)
(4.14) B(hilxi) = ;I;I [1 - {}+ ;IZ§I:;I$

when (4.12b) holds.

For the two-sided case, the procedure will be: Upon taking a
sample of size n, from each of the Hi, compute the expectation in (4.13)
or (4.14) according to whether condition (4.12a) or (4.12b) obtains. Then

choose as the best population the one which has the largest expectationm.

V. Consistency Properties of the Procedure

We show in this section that the procedures deve;oped in
sections 3 and L have a very interesting property, namely that of con-
sistency, |

Consider first sampling from normal populations (section 3). For
the two-sided case, the a posteriori expectation of the utility h1 is
given by (3.7). This is the area between til) and tiz) under a Student-t

distribution with (ni-l) degrees of freedom. As n, tends to infinity, we

i
see from (3.7) and (3.8) that this expectation approaches the value

*As in the one-sided case, we are assuming here that we have a
priori information that Hy is less than 8.
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A=
s, itz
(5.1) lin EGh ) [. J—%; e
4
%

where, of course, }1 and s, are the obgerved values of the mean and
standard deviation of an infinitely large sample.
From the posterior distribution p(u,, cilxi) in (3.3), it is

straightforward to verify that the second moment of h, is:

i
(2) (2) n4l +1
(5.2)  E(hily) = ——y _[ _[ 1+ T dy,d7,
21!(1 -p ) 1) A1) (n,-1) (1-01)

The expression in (5.2) is a bivariate t-integral -- see Dunnett
and Sobel (1954). As By, Py will tend to zero and the above integral

approaches the following limit:

i J_...l
(5.3 lin E@]y) = f J exp{ 3 (:2«»“2)1 dt du

ni-»m

which is of course the square of (5.1). That is to say, in the limit the
variance of hi approaches zero. Thus, we have the important result that

the utility hi converges (in probability) to the value (5.1). Since the

best population is the one with the largest value of the quantities in (5.1),
i=1, ..., k, our procedures described in section 3 insures that for large

samples the best population will always be chosen., It will be seen that

this large sample property also holds for the one-sided case, i.e. with

Turning to sampling from the exponential (section 4), we now

demonstrate the consistency property for the one-sided problem when i is less
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than "a", Here, the utility h, is given in (4.4). It is straightforward

i

to verify that the rth moment of h1 is

z(a'.y:, 1) -(ni-l)
(ni-l)wi

r - I T 2 " r
(5.4)  Ehly) = 2y () 1) (rﬁz 11*

where we recall that Yi1 is the first order statistic of the sample ¥, and
e —i N . - =
v ni-l j§2 (yij yil)' In particular, by setting r =1 and r = 2,

we have that:

n a-y -(n,-1)
(5.58) Ehly) =1 - niil [1 * (ni'i;wi ] :

and

n 2(a~y,.)3-(n,-1) /n
(5.5b) Var (hly) = i [1 + 11] R A

_ e
ni+2 (ni-l)wi

\ni+1 (ni-l)wi

The expression (5.5a) is of course the expected utility as given in (4.7).

Now, as n, = =, the expressions (5.5a) and (5.5b) tend to, respectively,

i

2741
(5.6a) lim E(h|y) =1 - exp { ; }

ni-t 00 wi

and

(5.6b) 1lim Var (hilxi) = 0.

n, -+

i

In a similar way one can show for the other cases discussed in section &
that the utility functions involved are such that they converge in

probability to finite limits,

VI. Distribution Theory of the Utilities hl = rgell

Since the utility h, is a function of 6,, then once we have the

i 1
posterior distribution of 91, we can, in principle at least, determine

the posterior distribution of hi' It is important to study this distribution,
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since it provides all the relevant information about hi' In this section,
the posterior distribution of hi is illustrated for the one-sided cases
of sampling from both normal and exponential populations.

For the normal, the joint posterior distribution of By and o

i
is given by (3.3). We now make the transformation

.2-|“
[+]
i 2 /‘ -1
h, = gu, o)) -‘[ T%; exp {- Lz} dt = 0 .\_lq.i)
(6.1) = -
v, =0y,

where ¢ is the cumulative distribution function of the standard normal
variable,
The abgolute value of the Jacobian J of the transformation (6.1)

is easily seen to be ziven by
A
6.2) |3 =varo, e i._.v_-.}__} .

Using (6.1) and (6.2), and upon integrating over the range of v, we
find that the (marsinal) posterior distribution of hi is:

2 2 o« 2.2
®; n,s . n, (85+b%) b,m, 2
(6.3) p(hilli) = k, exp {- -%[—'L'; 3 -1]} [tn 2 exp {- L ; 1 (t+ zib;) }dt
] 0 s, +

1%y
vwhere 1 n2-3 o -211 - :J:_l
k4 = 2 r (“‘1_'2 ) ni (si) ,
m, =0! () and b, = y. - a
i i i i 2°

Since o, is an inverse function of a cumulative normal, it is

not possible to express the density in (6.3) in a closed form. Nevertheless,

it is easy to show that this density can be put into the alternative form:
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2 2
m, n
N - R e W e o Y
(6.4) p(hilxi) k, 2:(_ expL 2[ 2.2 ﬂj
n -3 8yt 1
i N
. -2 n,-2 n,=-2-p
2.2."2 M 1 {
(n, (s7+0))] ko ¢ o )(-¢) T (c))
where
oo 2 s/_
‘ n, b.m
T (c)) = 7k fyp,_-xz iy, and ¢, = —hoick
P & S22
It 81+ b
The function Tp(ci) may be calculated using the following reduction
formulae,*
t S ri1 2y
p=2r+1: Tp(c) =2 1l 0'(e) 2% G
(6.5) 2 1-%

p=2r: T(c)= 25D (e dyr 01y él W G
+ f—gi%—i-h - 0(c)].

Thus, making use of an electronic computer, and consulting those
standard normal tables which would permit accurate inverse interpolation,
we would be able to calculate the density p(hilxi). Once this is calculated,
the posterior probability integrals can then be approximated using stardc:
numerical methods, for example, Simpson's Rule, etc.

For the exponential distribution as defined by (4.1), we have
found that, when Yi1 is less than "a'", the posterior distribution of My

and o, is given by expression (4.5). We now make the transformation

1
a-u,
-s(ui.0)=l-exp{

(6.6)

*
An equivalent form of this reduction formula is given iu Ii:her
(1961).



15,

The absolute value of the Jacobian of the transformation (6.5)

v
1s |J] = T:%— . Thus, the (marginal) posterior distribution of h, 1is
i

given by
ni-l o
n,l (a,-1)w,] ng~1 -ng n
(6.7) p(hilll) - ) (1-h)) fvi exp {- 3 [yi-a]} dv,
i i
a.(hi)
where
-y
ahy) = - log (1-h,) °

For values of "a' different from ;1. and upon making the transformation

X = ni(g'i - a) vil, the integral in (6.7) can be written:

d
~(n,-1) n,-2
(6.8) [x'li.(gv1 - a)] i fx L7 o™X ax
0
with

.. ni(i'! - a)
i a.(hi) '

On integrating by parts, (6.8) takes the form

. ~(n;-1) n, -2 dI
6.9) (n;-2)! [ni(yi-a)] {1 - exp(-d,) rgo o .

Using (6.9) we then have the alternative form for the posterior di~trihrtion

of hi’

N

(n,-1)w, (ng-1) n,-1 ng-2
n, (y,~a)- = .

From (6.10) it is easily showm that the posterior probability

(6.11) Pr(h, >h, |y) =

-1)w “1'1 ng nl(a-y“) ( ni-Z r u;’_o {(g'{-a) r-ng
lf:i(yi-a)] (l-hio) " (n 1-1)w1 exp 1’"10} t}-:O vZ“:O v [“.“—:;«'—;]
(nl-l)wi

wvhere u, = .
io a‘(hio)

amenable to calculation.

We note that expressions (6.10) and (6.11) ae
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As an example of the resulting posterior distribution for the
exponential case discussed above, three samples of size ten each from
exponential populations with (“1’ oi) = (0, 1), (.1, 1.1), end (.2, 1.2)

were drawn. The sample information is summarized as follows:

Sample No. 1 2 3
Y1 .0316 .2286 .5799
A .9238 .9744 1.136
¥y .8630 1.106 1.602

The value of "a" chosen is 1,20, The resulting posterior distributions
are plotted in Figure 6.1.

We see from the diagrams that the posterior distribution for
population 3 is nearly symmetric. However, the posterior distributions
for populations 1 and 2 are skewed, the former being more so in this
respect than the latter,

In fact, on examining the moments of hi given in (5.4), it is
evident that we should expect some skewness of the above type. It is
for this reason that a desire for a "conservative' decision rule might
make itself felt. For example, we might find that the situation depicted
in Figure 6.2 might obtain.

Here we have found that the expected values of hy (1 =1, 2) are
nearly the same, yet as we are interested in picking the best population,
that is, the population with the largest value of hi’ we are inclined to
favor population 1 since the a posteriori probability of h1 exceeding
its expected value is obviously larger than the a posteriori probability

of h, exceeding this value, This leads us to propose the following

2

procedure which may be favored by some experimenters. namely,
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(i) As in sections 3 and 4, find max E(h,|y,). Let this value
be denoted by 7o

(i1) Determine the a posteriori probability that h, exceeds the
quantity 70, say Pi’ for each population. Make the decision that the

population having as its value of P, the value m:x P,, 1s the best population,

g

Other procedures of this type suggest itself at this point. For
example, suppose the statistician is concerned with a mass production
process in which items are defined to be non-defective if, re a certain
specification, they measure less than the quantity "a". Then obviously,
among k processes producing this item, the statistician wishes to choose
the process yielding the largest proportion of items which measure less
than "a"., Further, suppose that the processes are costly and that the
break even point is accomplished 1f and only if the proportion of non-
defectives is greater than a known percentage, say 100 4. Then one would
expect the statistician to choose as the best population the one having
largest value for the posteriori probability Pi = Pr [hi > 7[21].* In
fact, statisticians may be faced with situations which would call for rules
of this type but using different choices of y. The value of 7 chosen
would depend entirely on the particular problem involved.

e remark that knowledge of the posterior distribution has
enabled us to arrive at the decision rules of the types described in this
section. It seems to us entirely natural to base our decision upon the
posterior distribution, in preference to the rules exemplified by

sections 3 and 4, which are based on maximiziag the expected value

*WQ are indebted to Professor David Finney (1962) for this
remark.
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"(“1"‘1)‘ For, after all, the posterior distribution gives us all the

information about h1 including its expected value. Of course, because of
the consistency property of the procedures of sections3 and 4 (as shown in
section 5), we recommend that the procedures of this section be used omly

for small samples.

VII. Some Other Best Population Problems

The problems discussed in sections 3 and 4 involved "utility"
functions h = o(0 ) which are rather complicated functions of the
population parameters. The analysis used in these two sections was that
dictated by the general framework described in section 2, Using the same
approach, we turn now to some other best population problems where the
definitions of 'best'' used, involve hi which are simple functions of either

a location or a scale parameter of the population distributions. The

specific hi and their expectations are summarized in Table 7.1.

Igble 7.1
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These types of best population problems summarized above have
been considered from the non-Bayesian point of view -- see Gupta and
Sobel (1960, 1962), Bechhofer (1954), and Bechhofer and Sobel (1954) --
and from the Bayesian point of view by Raiffa and Schlaifer (1961). It
is easy to show that the results listed in Table 7.1 are consistent.

Also, these problems can of course be treated using the analysis discussed

in section 6.
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